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In an ensemble of laser-driven atoms involving strongly interacting Rydberg states, the excitation
probability is usually strongly suppressed. In contrast, here we identify a regime in which the steady-
state Rydberg excited fraction is enhanced by the interaction. This effect is associated with the
build-up of many-body coherences, induced by coherent multi-photon excitations between collective
states. The excitation enhancement should be observable under currently-existing experimental
conditions, and may serve as a direct probe for the presence of coherent multi-photon dynamics
involving collective quantum states.
The emergence of collective quantum effects in a many-
body system is a hallmark of the strongly-correlated
regime. A celebrated early example is the phenomenon
of Dicke superradiance, in which N two-level atoms co-
herently interacting with a common optical field acquire
enhanced emission properties [1]. In cavity quantum elec-
trodynamics, an ensemble of N atoms placed inside an
optical cavity experiences a collective enhancement of the
couping to a single cavity photon which scales as
√
N
[2, 3]. Similar collective effects arise in the coupling of
superconducting devices to nitrogen vacancy centers in
diamond [4–6], and could play important roles in circuit-
QED [7] and hybrid optical-micromechanical systems [8].
Ensembles of highly-excited Rydberg atoms offer an al-
ternative system with which to study correlations and
collective effects due to strong interatomic interactions.
Here the competition between the laser excitation process
and the interactions ensures only one Rydberg excitation
can be accommodated within a critical distance (dipole
blockade effect) leading to strong spatial correlations. In
this regime a
√
N enhancement of the atom-light cou-
pling has been demonstrated [9–12]. By exploiting these
effects it should be possible to realize new quantum tech-
nologies such as non-classical light sources [13–15] and
quantum gates based on collectively enhanced interac-
tions [16].
Here, we point out a surprising enhancement of the
steady-state Rydberg population for driven three-level
atoms which goes beyond the
√
N enhancement typi-
cally associated with the dipole blockade effect. The
enhancement occurs for resonant two-step excitation
from the ground state to the Rydberg state (under
electromagnetically-induced-transparency (EIT) condi-
tions) and for repulsive Rydberg-Rydberg interactions.
We show that the effect is related to direct multi-photon
transitions between collective states. As a result, its in-
vestigation requires exact calculations of the many-body
master equation or analytical calculations beyond second
order in the driving fields. We identify regimes in which
the effect is most pronounced, and find that the Rydberg
population of the repulsively interacting system can even
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FIG. 1. (Color online) (a) Illustration of the setup: Three-
level atoms with the Rydberg state |r〉. The blockade radius
exceeds the trap size such that at most one atom can be in
the Rydberg state. (b) Steady-state values of the Rydberg
fraction fr for N = 4 atoms as a function of the probe Rabi
frequency (∆ = 0). The coherent laser driving is strong com-
pared to the decay rate Γ of the intermediate level. Solid black
line: exact ME solution, red dashed line: result of a SA model
with
√
N -enhanced Ωp, blue dot-dashed line: value of fr for
non-interacting atoms, black dotted line: analytical solution
for fr in the weak probe limit. The gray shading denotes the
region of interaction-induced excitation enhancement beyond
the non-interacting value.
be larger than for the completely non-interacting system,
highlighting the genuine many-body nature of the sys-
tem. As this effect should be observable in existing cold
atom experiments, it may serve as a direct probe for co-
herent multi-photon processes between collective states
via the observation of a global steady state observable.
First, we consider an ensemble of N three-level atoms
all confined to a volume comparable to, or smaller than, a
single blockade sphere (Fig. 1a). The atoms are driven by
two laser fields which couple the ground and intermediate
state |g〉 → |e〉 and the intermediate and the Rydberg
state |e〉 → |r〉, referred to as the probe and coupling
transitions, respectively. The |e〉 state decays rapidly
(decay rate Γ) via spontaneous emission to the ground
state while the other two states are long-lived.
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2The Hamiltonian of this system reads (~ = 1)
H =
N∑
i=1
H
(i)
L −
N∑
i=1
∆ |ei〉 〈ei|+
∑
i<j
C6 |rirj〉 〈rirj |
|xi − xj |6 (1)
where H
(i)
L = Ωp/2 |gi〉 〈ei| + Ωc/2 |ei〉 〈ri| + h.c. and xi
are the atomic positions. We allow for a detuning ∆ from
the intermediate state while the two-photon transition is
kept resonant. We assume that the Rydberg states inter-
act repulsively via isotropic van der Waals interactions
with strength C6. Incoherent processes like spontaneous
emission and dephasing are treated using a master equa-
tion (ME) including Lindblad terms [17]. The resulting
ME reads ρ˙ = −i[H, ρ] + L[ρ]. We assume continuous,
spatially homogeneous laser driving and focus on the Ry-
dberg fraction fr = Tr[(N
−1∑
i |ri〉 〈ri|)ρ] in the steady
state (ρ˙ = 0) as our main observable. We are able to sim-
ulate the dynamics and steady states for up to N = 10
three-level atoms using the wave function Monte Carlo
method [18].
Solving the ME for a single atom (N = 1) and un-
der perfect EIT conditions (zero dephasing and decay of
the Rydberg state), up to a normalization factor, yields
the steady state |d〉 = |g〉 − Ωp/Ωc |r〉, which is the EIT
dark state. Thus the Rydberg excitation probability,
equivalent to the steady state Rydberg fraction, becomes
f0 = Ω
2
p/(Ω
2
c + Ω
2
p). In the case of a fully blockaded en-
semble of N > 1 particles, the atoms are excited to col-
lective Dicke states, which leads to a
√
N enhancement of
the atom-light coupling [1, 16]. In this spirit one can de-
scribe the fully blockaded ensemble as a single three-level
“super-atom” (SA) with a
√
N larger transition dipole
moment for the probe transition. The resulting Rydberg
excitation probability of a SA is obtained by replacing Ωp
with
√
NΩp in f0, i.e., NfSA = NΩ
2
p/(Ω
2
c +NΩ
2
p). Com-
paring fSA to f0 shows that in the simple SA picture,
the SA excitation probability cannot be enhanced more
than N -fold over the single-atom value, NfSA ≤ Nf0.
In the following we will show that the exact solution of
the ME can violate this bound and thus an excitation
enhancement beyond the bare
√
N is possible.
Figure 1(b) shows the Rydberg fraction fr for a fully
blockaded ensemble as a function of Ωp/Ωc for N = 4,
Ωc = 4Γ and ∆ = 0. For weak driving Ωp → 0 the
exact solution agrees with the non-interacting (or single-
atom) value f0. For large Ωp the Rydberg fraction fr
approaches a constant value of ≈ 1/N due to the block-
ade. In between (for 0.15 . Ωp/Ωc . 0.4), the Rydberg
excited fraction significantly exceeds the non-interacting
value. This feature is counter to the usual expectation
for the dipole blockade in which repulsive interactions
lead to a reduction of the number of Rydberg excitations
compared to the non-interacting case. The red dashed
line shows the prediction of the SA model, which pre-
dicts fSA ≤ f0 and is thus insufficient to explain this
feature.
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FIG. 2. (Color online) (a) Level scheme of symmetrized
(Dicke) states. Diagonalizing the horizontal couplings (Ωc)
a dressed state picture is obtained. (b) and (c) Dressed state
energies as a function of the detuning from the intermediate
state ∆ in the (b) non-interacting and (c) blockaded case. In
the blockaded case resonances between the state |G〉 and the
doubly excited dressed states (red) occur at ∆ ≈ ±Ωc/2 (cir-
cles). Gray dotted lines show bare energies (or asymptotes).
(d) Rydberg fraction as a function of ∆. The parameters are
as in Fig. 1. Solid black line: exact ME solution, red dashed
line: result of the SA model, blue dot-dashed line f0, black
dotted line: analytical model. The resonances between the
dressed Dicke states result in a large excitation enhancement
in comparison to the non-interacting Rydberg fraction.
To provide a physical picture for the collective excita-
tion enhancement we express the system in the basis of
symmetrized Dicke states [1, 16, 19, 20]. These states are
fully symmetric superpositions of all excited states with
the same number of e and r excitations,
∣∣EjRs〉 = Nj,s( N∑
i=1
|ei〉 〈gi|
)j ( N∑
i=1
|ri〉 〈gi|
)s
|G〉 (2)
with the normalization Nj,s [17]. We use the shorthand
notation
∣∣E0R0〉 = |G〉, ∣∣E1R0〉 = |E〉 and ∣∣E0R1〉 =
|R〉 [Fig. 2(a)]. Note that s ∈ {0, 1} for a perfectly block-
aded ensemble, so the state
∣∣R2〉 is not present in this
case. The Hamiltonian (1) preserves the symmetry of
these states and population of states outside the manifold
of symmetric states only arises due to incoherent effects
such as spontaneous emission. The coupling laser does
not change the total number of excitations j + s. There-
fore, the Ωc-part of the Hamiltonian can be diagonalized,
resulting in the dressed many body eigenstates shown in
Figs. 2(b) and (c). Due to the exclusion of states with
multiple Rydberg excitations the interacting system ex-
hibits new level crossings. In particular we point out the
crossings between the states |G〉 and the dressed states
of the j + s = 2 manifold at ∆ = ±Ωc/2 where we ex-
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FIG. 3. (Color online) (a) Dissipative phase diagram showing
the enhancement factor fr/f0 as a function of Rabi frequen-
cies for N = 4 atoms and ∆ = 0. For strong coherent driving
and weak probe field, a region of fr > f0 is encountered. The
dashed line shows the transition from suppressed to enhanced
excitation (fr = f0). The arrow marks the critical value of
Ωc/Γ ≈ 1.27. (b) Maximal value of fr/f0 as a function of
atom number N . (c) Few atoms (N = 4) in a spherical vol-
ume of varying radius with random position sampling. The
possibility for multiple Rydberg excitations is included in the
simulation and realistic values for the laser dephasings and
the spontaneous decay rate of the Rydberg state have been
used (see text for details). The parameters correspond to the
the black cross (lower black curves) and plus sign (upper red
curves) in (a). For the higher Rabi frequencies the excitation
enhancement is present at all sphere radii (densities).
pect an excitation enhancement due to direct two-photon
processes. In the non-interacting case, a level crossing ap-
pears at ∆ = 0, however, here the dressed Dicke state pic-
ture is incomplete since interference effects between dif-
ferent excitation channels are not visualized. Such effects
lead to the absence of e-excitations in the non-interacting
case (EIT) and thus the non-interacting Rydberg fraction
is independent of the intermediate state detuning ∆. Fig-
ure 2(d) shows the detuning dependence of the Rydberg
fraction. The full calculations show a significant detun-
ing dependence of fr with two peaks centered around
∆ ≈ ±Ωc/2 with widths of ≈ Γ. At its maximum the en-
hancement is approximately a 50% effect. On resonance
(∆ = 0) the enhancement is still visible, but only on the
order of 5% for these parameters. Clearly, here the sim-
ple SA picture fails, since it amounts to neglecting all but
the states |G〉, |E〉, and |R〉. The presence of the reso-
nances, however, shows that states with j + s > 1 play
a crucial role. In particular, from the dressed state rep-
resentation we find that coherent two-photon excitation
from the ground to the doubly excited collective states is
essential for the observed enhancement effect.
On resonance, this effect appears most surprising as in
the non-interacting case the dressed Dicke states show a
crossing at ∆ = 0, while in the blockaded case they do
not. Therefore, in the following we focus on the exci-
tation enhancement for the special case of ∆ = 0. Fig-
ure 3(a) shows the ratio fr/f0, obtained from exact ME
calculations as a function of the Rabi frequencies for the
case of four fully blockaded atoms and perfect EIT con-
ditions. For strong coupling and weak probe fields we
observe a range of parameters where the Rydberg frac-
tion exceeds that of a non-interacting ensemble, fr > f0.
The dashed line marks the border of this region (fr = f0).
As N is increased the qualitative features of this dissipa-
tive phase diagram stay the same and the structure is
compressed vertically, consistent with a
√
N rescaling of
Ωp, while the onset in Ωc/Γ is independent of N in the
weak probe limit. We also determine the values of Ωp for
which fr/f0 is maximized. For Ωc = 4Γ the maximum is
found at
√
NΩp ≈ 0.5Ωc. Figure 3(b) shows the maxi-
mal value of fr/f0 as a function of the atom number N .
We find that fr/f0 appears to saturate but reaches val-
ues larger than 1.4 if extrapolated to larger N . Similarly,
the enhancement factor saturates as a function of Ωc/Γ.
In the following we derive analytical expressions for
the Rydberg fraction for a fully blockaded ensemble us-
ing fourth order perturbation theory for small Ωp/Ωc. By
dividing the ME by Ωc/2, we separate off the term asso-
ciated with probe laser proportional to  = Ωp/Ωc which
can be treated as a perturbation in the weak probe limit.
We then expand the steady state density matrix in or-
ders of the small parameter  (ρ =
∑
n ρn
n) and solve
for the ρn recursively [17]. To fourth order we obtain
f
(4)
r = 2 + c4
4 +O(6) where
c4 = 2(N − 1)1 + 4Im[β]
2 − |β|2 − |β|4
|1 + β2|2 − 1 (3)
with β = (Γ + 2i∆)/Ωc. The predictions of Eq. (3)
are shown as dotted lines in Figs. 1(b) and 2(d). We
can now compare the fourth order terms in the non-
interaction case f0 = 
2 − 4 + O(6), the SA case
fSA = 
2 − N4 + O(6), and the master equation cal-
culation f
(4)
r . By solving c4 > −1 for β with ∆ = 0 we
find that an enhancement (fr > f0) occurs if Ωc/Γ >
√
ϕ
with ϕ = (
√
5 − 1)/2, independent of N [arrow in
Fig. 3(a)]. A closer analysis of c4 reveals that in the
limit Ωc  Γ, Eq. (3) describes two Lorentzian peaks of
width Γ centered at ∆ = ±Ωc/2. The enhancement of
the fourth order term beyond the non-interacting value is
c4+1 ≈ 2(N−1) on resonance (∆ = 0), while at the max-
ima (∆ = ±Ωc/2) one obtains c4+1 ≈ 3Ω2c(N−1)/(2Γ2).
We now ask if the excitation enhancement persists un-
der realistic experimental conditions, for example with
imperfect blockade and including dephasing and the finite
lifetime of the Rydberg state. We consider 87Rb atoms
with states |g〉 = ∣∣5s1/2〉, |e〉 = ∣∣5p3/2〉, and |r〉 = |55s〉
4as in [21]. The atoms are assumed to be randomly dis-
tributed inside a sphere of variable radius. The corre-
sponding interaction coefficient is C6/2pi = 50 GHz µm
6,
and the spontaneous decay rates are Γ/2pi = 6.06 MHz
and Γr/2pi = 2 kHz. An overview of the simulations is
shown in Fig. 3(c) (solid lines). The lower black lines
correspond to the Rabi frequencies Ωp/2pi = 1 MHz,
Ωc/2pi = 5.1 MHz, and the laser linewidths γp/2pi =
0.33 MHz and γc/2pi = 1.4 MHz, typical of recent experi-
ments [21]. The upper red lines correspond to the strong
driving case with both Rabi frequencies increased by a
factor of 3.75. In the case of weak driving no excitation
enhancement is observed. For strong driving fr/f0 ex-
ceeds unity (enhancement) and increases towards higher
densities (smaller sphere radius). Although the laser de-
phasings are chosen relatively large, the enhancement
persists for all densities. This means that the excita-
tion enhancement should be observable under realistic
experimental conditions as long as the regime of strong
coherent driving (Ωc/Γ >
√
ϕ) is reached. Through time-
dependent simulations we also verified that the steady
state is reached in less than 1µs for these parameters.
One option to observe the excitation enhancement effect
could thus be to vary the cloud density at constant atom
number, for example by thermal expansion.
The observation of the excitation enhancement has a
number of consequences for understanding light-matter
interactions in strongly-interacting systems. Firstly, the
nonlinear optical response of a Rydberg gas driven under
EIT conditions is predicted to obey a universal relation
between the optical susceptibility χ = Im[χeg] and the
Rydberg fraction [22–24]. This relation states that in
the case of perfect EIT χ/χ2L = 1 − fr/f0, where χ2L
is the susceptibility in the two-level case, i.e., without
coupling laser. Our finding that fr > f0 would there-
fore predict a negative susceptibility, hence showing the
universal relation must break down in the collectively
enhanced regime. Secondly, we show that coherences
between N -atom collective states and direct two-photon
processes are important for determining the steady-state
of this system under realistic experimental conditions.
This indicates that the classical rate equation (RE) mod-
els which neglect these coherences [21–27] are not suffi-
cient to describe the most important details of the exper-
iments. While these models do reproduce the
√
N col-
lective enhancement, they cannot describe the effect re-
ported here since fr < f0 is assumed by construction [24].
For comparison, the predictions of a RE model [26] have
been added as dashed lines in Fig. 3(c), which qualita-
tively fail to reproduce the enhancement reported here.
The excitation enhancement therefore acts as a clear ex-
perimental signature for the breakdown of the RE ap-
proach.
Finally, we discuss the influence of decoherence. Typ-
ically, it is challenging to distinguish between coherent
and incoherent excitation dynamics [28–35]. The exci-
tation enhancement reported here manifests itself in a
global observable in steady-state and is thus compara-
tively easy to access experimentally. Since it is associ-
ated with a direct two-photon process, it requires at least
partly coherent dynamics. Indeed, we find that if single
atom dephasing is added, fr/f0 decreases monotonically
and falls below unity when dephasing dominates.
In summary, we have discovered a counter-intuitive ex-
citation enhancement effect that occurs for strong driving
of the upper and weak driving of the lower transition of
interacting three-level Rydberg atoms. We have shown
that this effect is connected to direct multi-photon tran-
sitions between collective Dicke states and have derived
analytical expressions for the steady state density for ar-
bitrary atom number N , which are capable of reproduc-
ing the observed enhancement effect in the weak probe
limit. The enhancement allows to detect the presence of
coherent multi-photon processes, and to identify param-
eter regimes in which the RE approach breaks down. As
the enhancement involves a global steady state observ-
able it should be observable with existing experimental
setups [14, 15, 21, 32].
A natural next step would be to ask how the observed
excitation enhancement is connected to the build-up of
multi-partite entanglement. Furthermore, it is interest-
ing to ask whether similar enhancements could be ob-
served in other strongly interacting driven systems, or if
the generated multi-particle coherences will find applica-
tions in metrology or in quantum information science.
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6SUPPLEMENTAL MATERIAL
Here we provide the details of our analytical calcula-
tions of the steady state of a fully blockaded ensemble of
atoms in the weak probe limit.
Steady-state perturbation: In order to calculate the
steady state density matrix perturbatively, we exploit
that in the weak probe limit, the ME can be divided
into two parts, one of which is proportional to the small
parameter  = Ωp/Ωc:
0 = L0[ρ] + L1[ρ] . (4)
We now expand the full steady state in terms of the small
parameter 
ρ(ss) = ρ0 + ρ1 + 
2ρ2 + . . . . (5)
Substituting this into Eq. (4) and comparing terms that
are of the same order in  we can solve for the ρi recur-
sively assuming that the zeroth order term ρ0, i.e., the
steady state of L0 is known. Then the higher order terms
are obtained by solving
0 = L0[ρi] + L1[ρi−1] (6)
for ρi.
In our case we seek to solve
0 = −iΩp
2
[Xp, ρ]− iΩc
2
[Xc, ρ] +
Γ
2
Lse[ρ] , (7)
where
Xp =
N∑
i=1
(|gi〉 〈ei|+ |ei〉 〈gi|) , (8)
Xc =
N∑
i=1
(|ei〉 〈ri|+ |ri〉 〈ei|) , (9)
and
Lse[ρ] =
N∑
i=1
(2 |gi〉 〈ei| ρ |ei〉 〈gi| − {|ei〉 〈ei| , ρ}) . (10)
The last term accounts for spontaneous decay from the
intermediate level.
Symmetrized basis: As the Hamiltonian is invariant
under exchange of the particles, it is convenient to use
a symmetrized basis, or Dicke state basis [1, 16] (see
also [19]),
∣∣EjRs〉 with s ∈ {0, 1}, j ∈ {0, . . . , N − s},∣∣E0R0〉 = |G〉 = |g1 . . . gN 〉 and
∣∣EjRs〉 = Nj,s( N∑
i=1
|ei〉 〈gi|
)j ( N∑
i=1
|ri〉 〈gi|
)s
|G〉
(11)
with the normalization
Nj,s =
√
(N − j − s)!
Ns(N − s)!j! . (12)
The matrix elements of the Hamiltonian in this basis are〈
EjRs
∣∣Xp ∣∣Ej′Rs′〉 = √(j + 1)(N − j − s)δj,j′−1δs,s′
+
√
j(N − j + 1− s)δj,j′+1δs,s′
(13)
and〈
EjRs
∣∣Xc ∣∣Ej′Rs′〉 = √j + sδj+s,j′+s′δ1−s,s′ (14)
We observe that the couplings between the symmetrized
states of small j+s induced by the probe laser scale with√
N , while those of the coupling laser are independent of
N . This is the reason why all characteristic features in
Fig. 3(a) become approximately N -independent in the
weak probe limit if the parameter Ωp is rescaled by
√
N .
The Lindblad term (10) does not preserve the symme-
try, so we introduce asymmetric states for j+s = 1, which
are required for the 4th order perturbative calculation
|Ek〉 = 1√
N
N∑
j=1
|ej〉 〈gj | e2pii
jk
N |G〉 (15a)
|Rk〉 = 1√
N
N∑
j=1
|rj〉 〈gj | e2pii
jk
N |G〉 (15b)
where for k = N the symmetric states |EN 〉 =
∣∣E1R0〉 =∣∣E1〉 and |RN 〉 = ∣∣E0R1〉 = |R〉 are recovered.
We summarize the action of the Lindblad term on the
relevant density matrix elements
〈
EjRs
∣∣ ρ ∣∣Ej′Rs′〉. For
matrix elements involving a state with no e-excitation,
we can at most have a diagonal term:
Lse[
∣∣EjRs〉 〈E0Rs′∣∣] = −j ∣∣EjRs〉 〈E0Rs′∣∣ (16)
Matrix elements involving
∣∣E1〉 decay only to symmetric
states:
Lse[
∣∣EjRs〉 〈E1∣∣] = −(j + 1) ∣∣EjRs〉 〈G|
+ 2
√
j
(
1− j − 1 + s
N
) ∣∣Ej−1Rs〉 〈G| (17)
The action on elements with j + s = j′ + s′ = 2 can be
summarized as
Lse[
∣∣EjRs〉 〈Ej′Rs′∣∣] = −(j + j′) ∣∣EjRs〉 〈Ej′Rs′∣∣
+ 2
√
jj′
(
1− 1
N
) ∣∣Ej−1Rs〉 〈Ej′−1Rs′∣∣
+
2
√
jj′
N(N − 1)
N−1∑
k=1
∣∣(Ej−1Rs)k〉 〈(Ej′−1Rs′)k∣∣
(18)
7FIG. 4. (Color online) Structure of the ME in the sym-
metrized basis, including couplings between density matrix
elements
∣∣EjRs〉 〈Ej′Rs′∣∣. Hc connects neighboring cells sep-
arated by a dashed line, i.e., differing only in s or s′. Hp
connects states differing by one in j or j′. The Hamiltonian
cannot induce couplings between states of different symme-
try quantum number k. The Lindblad term connects matrix
elements in which both j and j′ differ by one, irrespective
of the symmetry of the state. Note, that only a selection of
couplings is shown. The gray shading shows the part of the
density matrix that is being populated in the different orders
of the weak probe expansion of the steady state, starting with
the ground state ρ0 = |G〉 〈G| and extending to higher and
higher excited states as the order of  increases.
with
∣∣(E1R0)k〉 = |Ek〉 and ∣∣(E0R1)k〉 = |Rk〉.
The structure of the ME is illustrated in Fig. 4. The
time derivative of a matrix element ρj,s;j′,s′ represented
by a cell of the table depends on all the matrix elements
from which arrows point to it.
Up to fourth order results in the weak probe limit: Here
we want to perturbatively solve the steady state equation
0 = −i[Xp, ρ]− i[Xc, ρ] + βLse[ρ] , (19)
where  = Ωp/Ωc and β = Γ/Ωc. We have omitted the
intermediate state detuning for the sake of readability.
In the above notation we thus have L0[ρ] = −i[Xc, ρ] +
βLse[ρ] and L1[ρ] = −i[Xp, ρ].
The zeroth order equation L0[ρ0] = 0 is trivially solved
by ρ0 = |G〉 〈G|. Solving the recursion up to the fourth
order leads to the unnormalized steady state
ρ(4) = |G〉 〈G|+N2 |R〉 〈R|
+
4
x2
{
(N − 1)2 ∣∣E1〉 〈E1∣∣
+ [N(N − 1)(3− β2x)− (N − 1)y] |R〉 〈R|
+
N(N − 1)
2
∣∣E2〉 〈E2∣∣
+N(N − 1)β2 ∣∣E1R〉 〈E1R∣∣
+
N−1∑
k=1
[x |Ek〉 〈Ek|+ y |Rk〉 〈Rk|]
}
+ off-diagonal terms ,
(20)
where we abbreviated x = 1+β2 and y = 1−β2+β4. As
we are only interested in populations of the Rydberg and
intermediate states, so we do not list all the coherences
here. From this, one obtains
f (2)r =
2
1 +N2
= 2 +O(4) (21)
and
f (4)r =
1
Tr[ρ(4)]
[
2 + (N − 1) 3− β
4
(1 + β2)2
]
4
= 2 +
[
2(N − 1)(1− β2 − β4)
(1 + β2)2
− 1
]
4 +O(6)
(22)
as well as
f (4)e =
1
Tr[ρ(4)]
2(N − 1)
1 + β2
4 =
2(N − 1)
1 + β2
4 +O(6) . (23)
The last expression of Eq. (22) is what is plotted as a
black dotted line in Fig. 1(b) in the main text. The sec-
ond order steady state involves at most singly excited
states. It is thus equivalent to a three-level atom with√
N enhanced probe Rabi frequency and also f
(2)
r coin-
cides with the result of a classical rate equation model
[26].
